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The effects of viscosity and density variations due to an imposed radial temperature gradient 
on the stability of Couette flow between rotating cylinders are investigated. The annular spacing 
between the cylinders is assumed to be small compared with the mean radius. The fluids con- 
sidered are water ond 50% aqueous glycerol. Free convection due to gravity is not con- 
sidered. 

Approximate solutions to the stability equations are obtoained by the Galerkin method. Com- 
putations are restricted to the case where the outer cylinder is at rest. For the cases studied, 
the effects of radial convection were found to be small but the effects of the temperature 
dependence of viscosity were appreciable. The critical Taylor number based on the mean 
temperature viscosity was found to decrease as the viscosity variation became more pronounced 
and as the Prandtl number increased. 

The motion of a viscous fluid between concentric rotat- 
ing cylinders becomes unstable when dynamic conditions 
are reached where it becomes impossible for the radial 
pressure gradient and viscous forces to dampen and re- 
store changes in centrifugal force caused by small dis- 
turbances to the flow. This instability usually results in a 
secondary flow in the form of steady, counter-rotating 
toroidal vortices. The critical dynamic conditions at which 
instability occurs were first investigated theoretically and 
experimentally by Taylor (1) in 1923. Taylor formulated 
the stability problem, developed an elaborate method for 
solving it, and obtained an approximate formula for pre- 
dicting the onset of instability. 

Subsequent analyses have been oriented toward obtain- 
ing suitable mathematical techniques to simplify the solu- 
tion to the stability problem and to extend computations 
to a wider range of parameters than that covered by Tay- 
lor. The earlier analyses appearing in the literature are 
limited to cases where the annular spacing is smalI com- 
pared with the mean cylinder radius (small-gap approxi- 
mations). A comprehensive solution to the small-gap sta- 
bility problem was obtained by Chandrasekhar (2) in 
1954. Recently, mathematical techniques have been de- 
veloped which have facilitated solutions to the stability 
equations without the use of simpIifying small-gap ap- 
proximations. Solutions to various finite-gap stability prob- 
lems are given in references 3 to 5. 

In general, theoretical solutions to the Taylor problem 
have been found to be in excellent agreement with ex- 
perimental results. Measurements of the conditions at the 
onset of instability for various fluids and cylinder geom- 
etries are given in references 1 and 6 to 8. 

The problem of heat transfer to rotating cylinders has 
been of considerable engineering interest and has many 
applications to rotating machinery. For many of these 
cases the outer cylinder is at rest and the narrow gap 
approximation is applicable. A characteristic parameter 
associated with this configuration is the Taylor number 

n:d" R ,  
V2 

Nra = 

In general, the secondary vortex flow has been found to 
set in when N T ,  exceeds a certain critical value N T " ~ . ~ .  

Most of the investigations of heat transfer to the vortex 
flow have been experimental in nature, the results of 
several are given in references 9 to 12. In general the cor- 
relations obtained in these investigations depend on the 
value of N T ~ , , .  Thus it is important to understand the 
factors governing critical conditions for analyzing heat 
transfer in the vortex regime, as well as determining when 
the vortex flow will set in. 

The effects of a radial temperature gradient on stability 
are due to property variations with temperature. Density 
variations affect the flow in two ways: a radial convective 
effect due to the interaction of a density gradient with 
centrifugal force, and free convection due to the inter- 
action of the density gradient with gravity. The tempera- 
ture dependence of viscosity is of inherent importance 
due to the appearance of the kinematic viscosity in the 
Taylor number. If one were to attempt to use the isother- 
mal stability criteria N T n  = N T ~ , , ,  to determine the criti- 
cal inner cylinder angular velocity when a temperature 
gradient is imposed, the problem of choosing the correct 
kinematic viscosity would arise. 

Previous theoretical analyses of the stability of Couette 
flow between rotating cylinders in the presence of a radial 
temperature gradient have deviated from isothermal 
theory only by the inclusion of the effect of radial con- 
vection. Solutions to this problem with the use of small- 
gap approximations and various approximations to the 
primary velocity profile are given in references 13 and 14. 
The solution to this small-gap stability problem without 
further approximation to the velocity profile was obtained 
by Lai (15) in 1962. Finally, the solution to this problem 
without the use of small-pap approximations may be found 
in a recent paper by Walowit, Tsao, and DiPrima ( 5 ) .  

The following analysis, which is simplified by the use of 
small-gap approximations, includes both the effects of 
radial convection and variable viscosity. Due to the large 
number parameters that arise, computations are restricted 
to the case where the outer cylinder is at rest. The fluids 
analyzed are water and a 50% water-glycerol solution. 
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Results are restricted to relatively small temperature dif- 
ferences (40°C. or less) for which case thermal diffusivi- 
ties are relatively constant; thus temperature variations in 
thermal diffusivity are neglected. Convection under the 
influence of gravity is not considered. 

FORMULATION OF THE STABILITY PROBLEM 

The stability problem will be formulated by considering 
the behavior of small rotationally symmetric disturbances 
to primary velocity and temperature profiles in a manner 
similar to that employed by Taylor. If these disturbances 
are damped out, the flow is said to be stable. If they 
amplify, then the flow is unstable. 

The governing equations are the momentum, continu- 
ity, and energy equations for rotationally symmetric flow. 
The terms involving viscous dissipation and the energy 
associated with compression are neglected in the energy 
equation. The fluid density is taken to be constant except 
for the term involving the interaction of the density gradi- 
ent with centripetal acceleration. Here, the equation of 
state 

p = p c  [I-a ( T - T T , ) ]  (1) 
is used. This is the well-known Boussinesq approxima- 
tion. 

The resulting equations have a steady solution for 
which the radial and axial velocity components are zero. 
The tangential angular velocity profile and the tempera- 
ture profile are given by 

V / r  = fi = f i t  + (a, - a, )  - 

and 

The equations for fi and T represent the primary velocity 
and temperature profiles. In the usual manner of hydro- 
dynamic stability theory, one now proceeds by consider- 
ing the primary flow to be perturbed by small disturb- 
ances dependent on r, z ,  and t. Thus the variables appear- 

in the governing equations will be expressed in the 
fol in! owing form: 

11. = u' - 
U g  = v + 0' 
21; = w' 
T = T + T '  (4) 
P =P_+p' - 
p = p + p ' = p - p C : T '  

The barred quantities are dependent on r alone and the 
primed quantities represent small disturbances dependent 
on r, z, t. 

The linear disturbance equations are obtained by sub- 
stituting the above equations for the respective variables 
in the momentum, energy, and continuity equations and 
by neglecting quadratic terms in the primed quantities. 
The following system of linear partial differential equa- 
tions is then obtained: 

+ p  A----; v ' + r - ( - - ) d r + - r - ( + )  d v apt d,i a 
( r!)  dr dr ar 

d; au;' dp-ad 
( 7 )  pc  - = - -++Aw'+- -  +-- dr ar dr dz 

awl ap' - 

at az 

The differential operator A is defined by 

a2 1 a az 
A = -  +--+- a? r ar a 2  

(9) 

Since the imposed boundar conditions already have been 

the disturbance velocities and temperatures will be zero 
at the cylinder walls: 

u '=u '=w '=T '=O,a t r=  R,,R. (11) 

For a given viscosity temperature relationship, the five 
dependent variables in Equations ( 5 )  to (9) are u', u', 
w', p', and T'. These disturbance quantities may now be 
expanded in a manner similar to that used by Taylor. 
Since the coefficients in Equations ( 5 )  to (9) depend 
only on T, one may attempt to separate variables and look 
for solutions in the form 

satisfied by the primary ve i' ocity and temperature profiles, 

11' = u" (T) e"$ cos Xz 
o' = u" ( r )  e"' cos Xz 
w' = w" ( r )  eat sin Xz 
T' = 8" ( r )  eUt cos Xz 
p' = p. T ( r )  eat cos xz 

When the relationships given by Equation (12) are sub- 
stituted for the disturbance quantities appearing in Equa- 
tions ( 5 )  to (ll), variables do separate and a system of 
five linear ordinary differential equations results. These 
equations contain the additional parameters (the wave 
number of the disturbance) and u. 

In general, v can be complex. The stability of the flow 
will thus depend upon the sign of the real part of u. If 
Re (a) is positive, disturbances will amplify; conversely 
if Re(u) is negative, disturbance will be damped out. 
Since the situation of interest corresponds to the marginal 
case where disturbances begin to amplify, solutions will 
be sought for which Re(u)  = 0. In addition, since the 
secondary flow has been observed to be nonoscillatory in 
nature, solutions will be restricted to cases where both 
the real and imaginary parts of u are equal to zero. 

The radially dependent disturbance equations and the 
primary flow quantities may be simplified further with 
the use of the well-known small-gap approximations. 
These approximations consist of neglecting terms of order 
l / r  compared with a/&, and d / r  compared with 1 and 
of retaining terms of order Ad and 2r%*/v2. 

In accordance with approximations of this type, the 
primary temperature profile given by Equation (3) re- 
duces to the linear conduction profile 

where T,. is the mean temperature and x = ( r  - R,)/d 
is a stretched position caordinate. 
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The viscosity variations of many liquids over short 
temperature ranges may be described empirically by the 
relationship 

In the present study these constants are determined by 
requiring the viscosity function given in Equation (14) to 
fit experimental data at temperatures T ,  To, and T,. The 
primary viscosity distribution may thus be written as a 
function of x as follows: 

where 

;ind 

- P 1 
I"=-= 

pcL, Ax'+ Bx + 1 

I"% I"" 

The corresponding angular velocity profile may now be 
written as 

- - . a  
f i c  

a=-= 1 + Y f b )  ( 16) 

where f ( x )  is given by 
A B 
3 2 

f(x) = -2 + -2  + x 
and 

Y = ($-I)/ f ( f >  

The five radially dependent disturbance equations may 
be arranged to eliminate w" and r.  When the small-gap 
approximations are employed along with the introduction 
of the dimensionless disturbance amplitudes and wave 
number 

11 * V ,  a = -  , u  = U" 
R J I ,  (RC%)'yd  

the dimensionless stability equations take the form 

N 

The parameters N,,, N,,, and N in the above equations 
are defined as follows: 

(24) 
SR&n,"y 

V: 

- _  To - 

VS Npr = - 
K 

The quantity KT., is a modified Taylor number which re- 
duces to NTcl if the viscosity is taken to be independent of 
temperature. The parameter N characterizes the relative 
effect of radial convection on stabilitv. 

Equations (20)  to ( 2 3 )  are similar to the equations 
governing the stability of the boundary layer over a 
curved surface which were formulated by DiPrima and 
Dunn (16). The principal differences are due to differ- 
ences in the boundary conditions and the primary velocity 
profile. If viscosity variations are neglected, Equations 
( 2 0 )  to ( 2 3 )  reduce to a form equivalent to those pre- 
viously solved by Lai. 

SOLUTION OF THE STABILITY PROBLEM 

Equations (20)  to ( 2 3 )  represent an eighth-order sys- 
tem with homogeneous boundary conditions. Thus an 
eigenvalue problem is presented for which solutions will 
exist only if the various parameters appearing in the sys- 
tem obey a definite secular relationship, which may be 
written in the form 

N - -  

For given values of w,, P., fro, Npr, and N, the stability 
criterion is determined by finding the minimum value of 

overall positive a, which satisfies Equation ( 2 7 ) .  
Approximate solutions to the eigenvalue problem may 

be conveniently obtained by the Galerkin method. The 
functions of u, u, and 8 are expanded in complete sets 
of functions, satisfying the boundary conditions given by 
Equation ( 2 3 ) .  One may then write 

(D 

n=l 

These expansions may be substituted for u, 0, and 8 in 
Equations (20) to ( 2 2 )  to yield 

{A, ,u, , -C,[  $--aae.]  1 =ea'(x) ( 3 3 )  
n:i 
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The series giveii in Equations (28)  to (30) will be 
solutions to Equations (20) to (23) only if the errors 
E ( ' ) ( x ) ,  e ' " ( x ) ,  and ~ ' " ( x )  are equal to zero. This condi- 
tion will be satisfied if the series converge and if each of 
the errors are orthogonal to a complete set of functions in 
the interval - 1/2 6 x L M. The coefficients A,,, B,, and 
C, may then be determined by the requirements 

1/2 

f-':,:€(I)(x) urn dx = 0, JI/z P) (x)v, dx = 0, 

f-:;z €@' ( x )  8," dx = 0 

This leads to an infinite set of linear, homogeneous equa- 
tions for An, B,, and C,. A nontrivial solution will exist 
only if the determinant of the coefficients of A,,, B,,, and 
C,, is equal to zero. This requirement provides the secular 
relationship. In practice only a finite number of terms are 
used in the series expansions for u, 0, and @. If M terms 
are used in each series, then a determinant of order 3 M  
will result. The exact form used for entries to the deter- 
minant is given in reference 17. 

The expansion functions used in this analysis are 

(34) 

( 3 5 )  

These expansion functions have been used previously to 
solve problems dealing with stability of flow between 
concentric cylinders with considerable success. Kurzweg 
(18) used them to solve several small gap problems in 
hydrodynamic and hydromagnetic stability. Walowit, 
Tsao, and DiPrima ( 5 )  have also used them with several 
finite-gap stability problems. 

Although all the resulting integrals can be evaluated 
analytically, computations are made very tedious by the 
appearance of quotients of polynomials arising from the 
present viscosity representation. It was found that for the 
cases studied, computations could be greatly simplified 
with little loss in accuracy by expressing the viscosity di- 
rectly as a polynomial in x. The viscosity data may be 
approximated fairly accurately with a parabola that passes 
through the data points at x = - %, x = 0, and x = %. 
This does not provide as accurate a representation of the 
data as the reciprocal quadratic function used in deter- 

s 
3 =60°C,T,=200C 

a 
Fig. 1. The variation of with a for water (points correspond to 

values of NT= obtained with three-term approximations). 

1 ?=To 

2 lj = 20" C, To= 4 O o C  
3 T i = 4 0 ° C ,  T o = 2 0 0 C  
4 Ti= l0"C,T0=5O0C 

a 
3 

Fig. 2. The variation of N T ~  with a for 50% aqueous glycerol (points 
correspond to values of N T ~  obtained with three-term approxima- 

tions). 

mining the primary velocity profile. However, it was 
found that the maximum deviation from the data was less 
than 5% for all the cases studied. Furthermore, no addi- 
tional error is incurred, since it is not necessary to use this 
approximation for terms involving viscosity derivatives. 

Computations were carried out for two- and three-term 
approximations. The secular determinants were evaluated 
on an IBM 650 digital computer and the roots were found 
by trial and error. As a result of the large number of 
parameters involved, computations were restricted to the 
case where the outer cylinder is at rest and to contained 
fluids consisting of water or 50% water-glycerol solutions. 
Most of the computations were carried out with two-term 
approximations; the three-term approximations were used 
primarily as an index of precision. 

The Taylor number based on the mean temperature 
kinematic viscosity was calculated from the modified Tay- 

lor number N T n ,  by the relationship 
H 

L'.. 

Figures 1 and 2 show the variation of the Taylor number 
with the dimensionIess disturbance wave number for 
water and 50% aqueous glycerol solutions calculated with 
two-term approximations to disturbance amplitudes. The 
minimum points on these curves determine the critical 
Taylor numbers at which disturbances begin to amplify 
and the corresponding critical disturbance wave numbers. 
Points are also shown corresponding to Taylor numbers 
computed near the critical points with three-term approxi- 
mations. 

With the exception of the two cases of 50% aqueous gly- 
cerol in the presence of a positive radial temperature 
gradient, results obtained with two-term approximations 
were found to be within 3% above those obtained with 
three-term approximations. For the excepted cases, re- 
sults of the two-term approximations were of the order of 
8% below those of three-term approximations. 
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As an additional check on the precision of the method, 
solutions to the problem for constant viscosity were com- 
pared with those obtained by Lai (15) .  Excellent agree- 
ment was obtained over a range OF parameters correspond- 
ing to cases where CL,/~I~ 1 0. 

DISCUSSION 

The critical Taylor number varies considerably with the 
magnitude and direction of the applied temperature 
gradient as well as the shape of the viscosity profile for 
the fluids under consideration. The Taylor number evalu- 
ated in this analysis is based upon the fluid kinematic 
viscosity at the average temperature T,. This viscosity 
was used since it is the usual way that a viscosity distribu- 
tion is characterized by a single value in engineering prac- 
tice. It has been found that for the values of N used the 
effect on stability due to the interactions of the density 
gradient with centrifugal acceleration is extremely small. 
Thus departures of NTa from 1,695 (the critical Taylor 
number for the isothermal problem) are due primarily to 
the effect of viscosity variation. Inspection of Figures 1 
and 2 shows that mean temperature viscosity in general 
does not characterize the influence of a viscosity distribu- 
tion on stability. 

One may define an effective viscosity such that 

For all the cases studied 

V r n h  < vsrr < v c  
where vmrn is the viscosity at  the cylinder having the 
highest temperature. In general v e f l / v C  was found to de- 
crease as the Prandtl number increased and as variation in 
viscosity increased. 

The results of previous theoretical analyses show that 
the effect of radial convection on stability will depend on 
the direction of heat transfer. In general it has been found 
that the flow will be destabilized if the temperature in- 
creases radially outward and stabilized if the tempera- 
ture decreases radially outward. The effect of viscosity 
variation does not result in this type of directional de- 
pendence, as seen in Figures 1 and 2. The curves corre- 
sponding to water with a cylinder temperature difference 
of 40°C. show that the lower value of N T ,  and conse- 
quently the less stable configuration occurs for T, > Ti. 
On the other hand, for the two cases studied with a 20°C. 
temperature difference across a 50% glycerol solution, the 
lower value of NT, occurs for T, < Tr. For the two cases 
of 50% glycerol with a 40°C. temperature difference the 
critical values of N,.  are very nearly the same. It can thus 
be seen that the direction of heat transfer has no universal 
effect on stability and particular effects will depend on the 
overall shape of the viscosity profile of the fluid under 
consideration. 

Previous analyses of the effect of a radial temperature 
gradient on the stability of Couette flow have neglected 
both viscosity variations and free convection under the 
influence of gravity. The effect of gravity on the onset of 
Taylor vortices still remains to be analyzed. There are a 
few studies appearing in the present Iiterature concern- 
ing the effect of convection on the heat transfer between 
stationary cylinders. KraussoId (19) experimentally cor- 
related heat transfer coefficients with the Rayleigh num- 
ber defined as 

u ( To - T,)d"n 
VK 

R'= 

Kraussold found that convective effects were extremely 
small for Rayleigh numbers less than lo*. Similar results 

were later found in experiments with horizontal cylinders 
carried out by Liu, Mueller, and Landis (20) and in the 
theoretical analysis of Crawford and Lemlich (21 ) . 

It is thus expected that convective effects due to small 
temperature differences should be weak when the annular 
spacing between cylinders is small or the fluid kinematic 
viscosity is high. Very little is known concerning the in- 
fluence of convection on the formation of Taylor vortices 
at high Rayleigh numbers. 
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NOTATION 

n = disturbance wave number ( i d ) ,  dimensionless 
d = annular spacing 
f ( x )  = function defined by Equation (17) 
g = acceleration of gravity 
M = number of terms in series expansions 
N = dimensionless parameter defined by Equation 

N p r  = Prandtl number ( v J K )  

R = cylinder radius 
r = radial coordinate 
R' = Rayleigh number 
T = temperature 
T = primary temperature distribution 
T' = temperature disturbance 
t = time 
h'Ta = Taylor number (fl,'d"R,/v,') 

N?,,, = modified Taylor number defined by Equation 

u = amplitude of radial velocity disturbance, dimen- 

u* = amplitude of radial velocity disturbance 
ti' = radial velocity disturbance 
u,. = radial velocity component 
un = tangential velocity component 
u, = axial velocity comDonent 

(26) 

- 

- 
(24) 

sionless 

primary velocity distribution 
a'mplitude of tangential velocity disturbance, di- 
mensionless 
amplitude of tangential velocity disturbance 
tangential velocity disturbance 
ampIitude of axial velocity disturbance 
axial velocity disturbance 
radial coordinate ( [ r  - R , ] / d ) ,  dimensionless 
axial coordinate 

Greek Letters 

f f =  

Y =  
A =  
r g =  

@* = 

A =  
K =  

P =  

bulk coefficient of thermal expansion 
constant defined by Equation (21) 
differential operator defined by Equation (10) 
amplitude of temperature disturbance, dimen- 
sionless 
amplitude of temperature disturbance 
thermal diffusivity 
disturbance wave number 
viscosity 
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primary viscosity distributioii 
viscosity disturbance 
primary viscosity distribution ( J p o ) ,  dimen- 
sionless 
kinematic viscosity 
density 
primary density distribution 
density disturbance 
disturbance growth factor defined by Equation 
(12) 
amplitude of pressure disturbance divided by 
mean density 
primary angular velocity distribution 

primary angular velocity distribution (n/n,.), 
dimensionless 
dummy radial position variable 

Subscripts 
c = centerline (points on circle of mean radius) 
cr = critical 
c# = effective 
i = inner cylinder 
min = minimum 
o = outer cylinder 
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The Influence of Diffusivity on Liquid Phase 

Mass Transfer to the Free Interface 

in a Stirred Vessel 
ALLEN A. KOZlNSKl and C. JUDSON KING 

University of California, Berkeley, Colifornia 

Liquid phase mass transfer coefficients were measured in a continuous flow, stirred vessel con- 
taining a gas and a liquid phase. Helium, hydrogen, oxygen, argon, and carbon dioxide were 
desorbed from distilled water into nitrogen a t  seven different levels of agitation. A t  low stirring 
speeds the system was stratified and mass transfer coefficients were proportional to diffusivity 
raised to a power between 0.5 and 0.6. A t  higher stirring speeds the interface was broken and 
corrections for desorption into the entrained bubbles indicated that the mass transfer coefficient 
at the main free interface was proportional to a higher power of diffusivity. The results are in- 
terpreted in the light of a general model considering eddy diffusion and surface renewal effects. 

Many industrial processes involve mass transfer be- 
tween a gas and a liquid. Often the interface between the 
two phases is relatively free to move about in space and 
i s  deformable; such is the case, for example, in plate dis- 
tillation columns and for the main interface in agitated 
vessels. This characteristic has led to several different 

Allen A. Kozinski is with American Oil Company, Whiting, Indiana. 

approaches to the description of liquid phase mass trans- 
fer near a free gas-liquid interface. Well-known theories 
include the film model of Whitman and Lewis (30 ) ,  the 
penetration and surface renewaI models of Higbie (24 )  
and Danckwerts ( 4 ) ,  and the postulate of turbulence- 
controlled mass transfer put forward by Kishinevsky (20, 
21)  and Kafarov (18 ) .  There are also “combination” 
theories, such as the film-penetration model (7, 26). 
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